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Modeling Piezoceramic Actuation of Beams in Torsion

Christopher Park* and Inderjit Chopra1"
University of Maryland, College Park, Maryland 20742-3015

A one-dimensional model is developed to predict the coupled extension, bending, and torsion response of a beam
subject to piezoceramic strain actuation. The effects of cross-sectional warping are shown to be negligible for thin
rectangular isotropic beams. The impact of adhesive shear lag, on the other hand, is measurable, especially in the
torsional response. Experimental test results show that the models are accurate up to a 45 deg actuator orientation
with respect to the beam axis even though detailed strain data indicate that the local strain state is highly two
dimensional.

Nomenclature
A = cross-sectional area
E = Young's modulus, also electric field [Wmil]
G = shear modulus
/ = flexural area moment of inertia
J = torsional rigidity constant
L = projected actuator half-length
LX - warping parameter
M = bending moment
P = axial force
S - first bending moment of inertia
T - torque
u - axial displacement
v - transverse displacement
w - bending displacement
ft - actuator orientation relative to beam axis
F = shear lag parameter
y = shear strain
e = axial strain
0 - twist rate
K = bending curvature
A = piezoceramic actuation strain
A. = warping function
v = Poisson's ratio
a = axial stress
r = shear stress
0 = twist displacement
T/f = stiffness ratio

= actuator axes reference

Superscripts and Subscripts

a - actuator reference
b ~ beam reference
o - mid-plane reference
s - adhesive substrate reference
K = bending curvature reference
A. = warping reference
* = effective value
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Introduction

H ELICOPTERS suffer from excessive vibration, high-fatigue
loads, poor handling qualities, and intolerable noise. The ob-

jective is to improve the dynamic performance of the helicopter and
reduce vibration to an acceptable level. Research on higher harmonic
control (HHC)1'2 and individual blade control (IBC)3 for helicopter
vibration suppression has shown that these concepts can be used
to reduce vibration transmitted to the pilot's seat. However, HHC
and IBC have high weight penalties and are limited in their applica-
tion to reduce stresses, improve performance, and reduce noise. It
is envisioned that incorporating smart structure technology in rotor
blades can give desirable shape-control characteristics to improve
the helicopter in all of these areas at a reasonable weight penalty.
The need for modeling intelligent structures, in particular beams
undergoing combined extension, bending, and torsional deflections
due to induced strain actuation, is important in development of smart
rotor blades.

Crawley and de Luis4 presented an analytical uniform strain
model of a beam with strain-induced actuation by use of surface-
bonded piezoceramics. The model predicted beam extension and
bending and included shear lag effects of the adhesive substrate
between the piezoceramic and the beam. The dynamic model was
experimentally verified for the first two bending modes of a can-
tilever beam. Crawley and de Luis5 later presented a uniform strain
beam model of both embedded and surf ace-mounted piezoceramic
actuators. They validated the dynamic response at resonance by
using aluminum, glass-epoxy, and graphite-epoxy beams. Crawley
and Anderson6 presented a Bernoulli-Euler model and compared
it with the previously mentioned uniform strain model, a finite-
element model and experiment. All of these models assume a pair
of actuators aligned with and symmetrically located with respect
to the beam axis. The uniform strain model was quite good except
for predicting the response of beams with low-beam-thickness to
actuator-thickness ratios. The Bernoulli-Euler model was accurate
in predicting both bending and extension responses. Park et al.7
formulated two additional shear lag models. The first model inves-
tigated coupled extension and bending of a rectangular beam with
a single piezoceramic bonded to the beam surface and aligned with
the beam axis. The second model permitted an arbitrary orientation
of the piezoceramic with respect to the beam axis to predict coupled
extension, bending, and torsion. Both models utilized a Newtonian
shear lag formulation in which the strain was assumed to be constant
through the thickness of the actuator and linear through the beam.
To maintain a one-dimensional characterization of the problem, the
actuator was considered a line element and permitted to induce
strain only in its lengthwise axis. Both models were correlated with
static deflection data and the bending-extension model was further
compared to the Bernoulli-Euler model presented by Crawley and
Anderson.6 The bending-extension model was found to adequately
predict the experimental results for various geometric parameters.
The coupled extension, bending, and torsion model, however, was
capable of capturing only experimental trends, not magnitudes, es-
pecially at high actuator orientation angles relative to the beam axis.
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Thus, structural modeling of beam extension and bending with em-
bedded and surface-mounted actuators has been extensively exam-
ined for actuators aligned with the beam axis; however, adequate
torsion models are not available.

This paper further explores formulation of one-dimensional tor-
sion models by investigating warping functions, shear lag, and ex-
perimental strain and deflection data. First, an analytical model is
developed with warping considerations but without shear lag ef-
fects to illuminate the influence of warping terms on the response.
Second, shear lag is introduced to attenuate bending, extension,
and torsion responses. Configurations with actuators on only one
surface (asymmetric) and with actuators on both surfaces (sym-
metric) are developed by using both Bernoulli-Euler and uniform
strain displacement assumptions for the actuator. Finally, issues as-
sociated with constraining the global system response to a one-
dimensional framework are explored and further illustrated by ex-
perimental strain and deflection surveys, which also serve to validate
the analytical models.

Analytical Models
The principle of virtual work is invoked to construct all of the

models presented within this paper. Cross-sectional warping and
shear lag effects are incorporated into the models and evaluated
relative to those that do not capture such behavior. For illustra-
tive purposes, detailed results are derived for a thin isotropic beam
with a surface-bonded piezoceramic actuator as shown in Fig. 1.
All expressions are derived in the absence of external forces and
temperature gradients.

This model assumes that the structure behaves as a Bernoulli-
Euler beam in bending and extension as shown in Fig. 2. Torsion
is introduced by utilizing a cross-sectional warping function, A,
as suggested by Gjelsvik,8 which is dependent upon the cross-
sectional geometry of the structure. Adhesive shear lag effects are
not included in this model. The assumed displacement field for the
structure is given as

—z(t>

(la)

db)

(Ic)

where the warping function
are

Yxy = -

= X(y,z). The nonzero beam strains

- zwtXX — k(/>tXX (2a)
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Fig. 1 Beam with surface-bonded piezoceramic.
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Fig. 2 Bernoulli-Euler axial deflections.

Assuming no external forces are applied, the principle of virtual
work reduces to

/
Jv

fcjcSfijcjc (3)

Further assuming that the actuators are of high-aspect ratio, the
piezoceramic is approximated as inducing a strain only in its lon-
gitudinal axis. The induced strain is thereby transformed to beam
axes as

Axx = A cos2 ft Axy = A sin ft cos ft (4)

Utilizing the constitutive relationships

axx = E(sxx-Acos2ft) (5a)

rzx = Gyzx (5b)

*Xy = G(yxy - A sin ft cos ft) (5c)

and separating the volume integral by subcomponents provides the
expression

I
•/be

I \
•/actuator

~ A cos2

+ Gfl(y;y - A sin ft

6j, + G, y?x8y?x

y dV = 0 (6)

For a rectangular beam with a piezoceramic bonded to one surface
at orientation angle ft, the warping function is approximated as

— kyz (7)

The displacement warping formulation (7) exactly recovers the
stress function presented by Timoshenko9 for a thin rectangular bar.
For an isotropic beam, k = 1 . Substitution of the strain-displacement
equations into the principle of virtual work and integrating pro-
vides the force boundary conditions and governing partial differ-
ential equations, which must be solved numerically. If the warping
terms are ignored, except in correction of the shear strain term, and
the substitution over variables given in Eq. (8) is introduced, the
system response may be solved directly as given by Eq. (9):

/ [EbAbu0tX8u0tX + Ehl!j wtXX8wtXX
JL

GhJb<t>tX8<l>tX}dx

/ \Ea\ A*a(u0tX - zawtXX

wtXX + x tan ft4>iXX ]8wtX

(-xzaA*a tan ftu0iX +xl* tan ftwi

- / {EaA*Acos2 f t $ u x -ZaEaA*aAcos2ft8wxJL

— xzaEaA*Asinftcosft8(/)>x

where

£0 = UtX K = W

'EA ES o "
ES El 0
0 0 GJ

(8)
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where

EA = (I E dy dz = EhAh + EaA*a (lOa)

ES = -jj Ez dy dz = -zaEaA* (lOb)

El = -jj Ez2 dy dz = Ehlh + Eai; (lOc)

GJ = (I G[(y - A z)2 + (Z + X,,)2] dy dz = GhJh + GJ*a

P=

M = -

AE dy dz = EaA*A cos2 ft

T = jj AG[(y - A, z) - (z + A,,)] dy dz

= -2za Ga A* A sin ft cos ft

A* =bata/cosft

*-(. b2

12 cos2 ft J

Ah = bhth

fb _ 1 L. f

_ J_ 43
— 144 ̂ b

(lOd)

(lOe)

(lOf)

(10g)

(lla)

(lib)

(lie)

(lid)

(lie)

(l lf)

(Hg)

(llh)

The governing equations with warping terms are solved by using
the finite-element method for 1, 10, and 50 elements. The solution
exhibits good convergence for a low number of elements as shown
in Fig. 3. The torsional response has essentially converged for a
single element, yet the bending response requires 10 elements. The
assumed displacements for the basic beam finite element are given
as a function of the nondimensional elemental coordinate s as

u(s) = (1 — s)u\

= (2s3 - 3s2 + l(s3 - 2s2 + s)w(

(-2s3 + 3s2)w3 + l(s3 - s2)w'3

(12a)

(12b)

(12c)
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Fig. 3 Solution convergence.
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Fig. 4 Effects of warping terms.

piezoceramic

^——— beam
Fig. 5 Axial displacement variation with bond layer.

The effects of the warping terms that result in extension-twist
and bending-twist elastic couplings are shown in Fig. 4 for a 2L* x
2.00 x 0.0305 in. (2L* x 50.8 x 0.77 mm) aluminum beam with two
asymmetrically bonded 1.85 x 0.50 x 0.0093 in. (47 x 12.7 x 0.236
mm) G-l 195 piezoceramics subjected to a —175 JJLS actuation strain.
L* is the characteristic actuator half-length given by the projection
of one-half of the actuator length onto the beam axis. For this case of
a thin rectangular isotropic bar, the warping effects are negligible.

Shear Lag Model
In formulating a shear lag model, the configuration of an isotropic

beam with a single surface-bonded piezoceramic, such as previ-
ously shown in Fig. 1, is considered. Because structural couplings
due to warping terms are negligible for this type of structure, cross-
sectional warping is considered only to correct the actuator shear
strain. The effects of a finite thickness bond layer are considered
by allowing the adhesive substrate to react to shear loads. Exten-
sional displacements are shown in Fig. 5. The displacement field is
assumed to be

Ub — u"h — zw(
h x — yz<l>btx (13a)

vh = —z<t>b (13b)

wh = wl + y(f>i, (13c)

va = —z4>a (14b)

wa = w"} + y0fl (14c)

where za is the location of the actuator midplane with reference to
the beam midplane. If we neglect the warping terms in the beam
and actuator extensional strains, the nonzero strains become

exx = u°b.x ~zwb,xx (15a)

(15b)

)w")XX (15c)

(15d)
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The adhesive shear strains are related to the differential extension
and twist of the beam and actuator. The displacements through the
adhesive thickness are linear interpolations between the actuator and
beam displacements at the adhesive substrate interfaces. The shear
due to bending and extension deformation is

1 (16)

The torsional shear is assumed to be due to a similar difference
in transverse displacement except that both the actuator and beam
undergo rigid body translations only as given by the displacement
field. Hence, the torsional adhesive shear strain is given by

(17)

Torsional Solution
By increasing the order of the torsion system of equations, given

by Eqs. (21) and (22), the characteristic equation (30) is obtained:

2 2 _ •v + l) +G^/;V]) = 0 (30)

The solutions are, therefore, of the form

cj)a = a() + a\x + a2 cosh F^x + #3 sinh r^x (31)

fa ==b(} + b\x+ b2 cosh F^x + bi sinh r^x (32)

where the torsional shear lag parameter F^ and the characteristic
length L* are defined as

Invoking the principle of virtual work with the induced strain as-
sumption given previously by Eq. (4) provides the governing dif-
ferential equations (18) through (22) and associated force boundary
conditions (23) through (28) applied at x = ±(//2) cos ft. Note that
the v-axis limits of integration are y = x tan ft ± (ba/2) cos ft and
begin to break down at high orientation angles:

i? A* r> fivA* ( o _ o , f" + */> o
»^uUa^x 2 I a h '

_ n
~

/i o^

(19)

(Ehlh + Eai;)wlxxxx

GsA*ta+tb( 0 ta + th (20)

.J:*fja - t, +

f- \ [(t, + f )<fc - f 0,, = 0 (22)

(23)

(24)

(25)(£„!„

= -2zaGaA*aAsmftcosp

Gi,Jt>(t>h,x = 0

= 0

(26)

(27)

(28)

where

A* =
cos ft

Ah = bhth h = —bbtl (29)

cos ft la = *.v + '

Note that the torsion equations are not coupled with the bending and
extension equations.

V = (//2) cos ft (34)

Because the original equations are second order, only four of
the eight coefficients are independent. Substitution of the solutions
into either governing equation provides the dependency relations.
By utilizing the force boundary conditions (27) and (28) and the
cantilevered geometric boundary condition

(35)

the final solutions are found to be

G,,Jh

GJ*

sinh r^x tanh F^
x \ -———Ar- + ———-

t,, GaJ*

r^ cosh r<*

TL* sinh tanh F
cosh

GJ* =

T = -2zaGaA*aAsmftcosft

(36)

(37)

(38)

(39)

Unlike warping, the effects of the shear layer on a rectangu-
lar beam may be significant, as shown in Fig. 6 for a 2.00 x
0.0305 in. (50.8 x 0.77 mm) aluminum beam with a single
1.85 x 0.50 x 0.0093 in. (47 x 12.7 x 0.236 mm) G-1195 piezoce-
ramics bonded to one surface. Note that the maximum twist occurs
when the actuator orientation is near 45 deg.
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•e-0.03
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0.01

0 15 30 45 60
ft [deg]

75 90

Fig. 6 Shear lag effects on twist response with bond thickness increas-
ing from 0 to 0.005 in. (0.127 mm).
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Extension-Bending Solution
Differentiating Eqs. (18-20) with respect to x and making the

change of variables

"a ""a,x (40)

the system is represented in terms of the actuator midplane strain gJJ,
beam midplane strain s"} , and bending curvature K . Solving the trans-
formed system subject to boundary conditions (23-25) provides the
solutions (41-43):

e°a(xy=Acos2pfaC°Sh^X + fa + facosh ru

cosh Fw

(41)

(42)

(43)

where the stiffness ratios and axial shear lag parameter are defined
as

,-, A . 2 2 /coshrMJcK(X) = AwK ——— cos 6 ———— — 1^

TT— - TT-T- TT-T- ~7 rEa A* |_ Ea A* Efc At 4 E
fc + r/;)2 I

T , ... y,
h Ih + Ea / * J

(44a)

(44b)
Eft A* [E, A; Eft Aft 4 Eft/ft + Efl/*

= ! fe+^) 2 r i _ i _ i f e+^) 2
 (44c)4Eft/,, + E f l/;L^A; EftAft 4 Eft/ft + Efl/fl*

L* = (//2) cos p (44e)

Integrating the beam curvature with respect to x and assuming
the beam is cantilevered at x = —1,

sinh rux tanh FM

^ + ru cosh ru
1 -x

(45)

Unlike the torsional response, the effects of shear lag are much
less on the bending slope as shown in Fig. 7 for a 2.00 x 0.0305
in. (50.8 x 0.77 mm) aluminum beam with a single 1.85 x 0.50 x
0.0093 in. (47 x 12.7 x 0.236 mm) G-l 195 piezoceramics bonded
to one surface. Adhesive thicknesses are 0.001 and 0.005 in. (0.025
and 0.127 mm), and the actuation strain is 175 \i&. The impact of
shear lag is less severe on the bending slope than on the twist angle.

If the strain through the actuator is assumed to be uniform instead
of linear, Eqs. (18-20) become

(46)

= 0 (47)

\

and the corresponding solutions are

s°a(x) = A cos2 p l f a C°S "* + fa + facosh ru
(49)

(50)

^X
Tw /cosh r,

where the stiffness ratios and shear lag parameter are defined by

1 / 1 1

(51)

fa = 4 Eft/,,/

- ' ( ' + ' +* ' V1
h — T;—7~ 1 T;—77 ~r ~—7~ ~r ~ „ T IE/,A/; V EaA* Eh Aft 4 E/;4 /

1 r2 1 \~ }

^ + ?E^ft/

fh 1 \
4l + ?^7ft"J

4 Eft/ft E*A; E

(52a)

(52b)

(52c)

(53)

The torsional response is unaffected by this change in assumed
displacement. The effects of a uniform vs linear actuator strain are
shown in Fig. 8 for two orientation angles for a 2.0 x 0.0305 in.
(50.8 x 0.77 mm) aluminum beam with a surface bonded 1.85 x
0.50 x ta in. (47 x 12.7 x ta) G-l 195. For ft = 0 deg, the difference
between the two curvatures is >5% for thickness ratios below 18 and
>10% for ratios below 7. The Bernoulli-Euler strain distribution
predicts no bending as the beam thickness vanishes. This result
is consistent with the behavior of real beams and the results of
Crawley and Anderson.6 Note that the curvature for the beam is
greater for ft = 0 deg than for ft = 45 deg. The reduction in curvature
is attributed to attenuated actuation strain in the beam axis direction.

Symmetric Configuration
If an actuator is added to the bottom surface of the previous con-

figuration and oriented at — ft, then the structural response will be a
coupled extension-twist motion provided that both actuators extend

0 15 30 45 60 75 90
/3[deg]

Fig. 7 Shear lag effects on extension-bending with bond thickness in-
creasing from 0 to 0.005 in. (0.127 mm).
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20

Fig. 8 Effects of actuator bending.
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or both contract. By using the previous solution methodology, the
torsional response is similar to that of Eqs. (36) and (37):

1)
G,,Jh ( sinhF,,

(54)

sinh F0
r cosh

jc tanhJT^ 1
0 r0 J (55)

The axial response is derived as

,„-, PL*_ 1 N PL* EhAh ( sinhF.i tanhF,
£A* £A*

PL*
"£A*

e°<™ = -^

sinh Ft,jc tanh FM

Fw cosh Ftt Fw

hAh cos ft cosh £Vt\
iIW

efc(*) = £A* V ~ coshTM

where

GJ* = 2r, + r/,

EA*=2EaA*a

T = -4za Ga A* A sin ft cos ̂

5aAj £fcA/,

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

- = (L-)>^

The twist rate for a symmetric specimen is not quite twice that
of an asymmetric one as shown in Fig. 9 for a 2.00 x 0.0305 in.
(50.8 x 0.77 mm) aluminum beam with three and six 1.85 x 0.25 x
0.0093 in. (47 x 12.7 x 0.236 mm) G-1195 piezoceramics for the
asymmetric and symmetric cases, respectively. The induced torque
is exactly doubled; however, the torsional stiffness exhibits an in-
crease because of the additional piezoceramic stiffness. In the limit
of a thick beam with thin piezoceramics, the symmetric twist re-
sponse approaches twice the asymmetric twist.

D 5 10 15
Thickness ratio tb/ta

Fig. 9 Twist rate comparison.

One-Dimensional Platform Constraints
The global response of a high aspect ratio structure, such as a

rotor blade, is adequately characterized by beam behavior. In addi-
tion to mathematical simplicity and physical understanding, mod-
eling of induced torsion of beams is preferably constrained to a
one-dimensional response. Because the actuation mechanism is in-
herently a two-dimensional phenomenon, means by which to in-
corporate these two-dimensional piezoceramic effects into a global
one-dimensional response model are not established, especially for
arbitrary actuator geometries. In the limiting case of high aspect
ratio actuators with simple geometry, the actuation mechanics sim-
plify appreciably. The limitations of such reductions are difficult
to quantify analytically, thereby requiring experimental methods to
identify limits of applicability.

There exist several approaches by which to capture piezoceramic
actuation in a beam model, each of which has different strengths
and weaknesses. The models presented in this paper assume that
the piezoceramic induces strain only in its longitudinal axis, which
is oriented by angle ft with respect to the beam axis. Effectively, this
is an assumption on material properties and conflicts with the basic
physics of torsion actuation of a beam. Intuitively, torsion should
arise as a result of geometric constraints, because the considered
piezoceramics exhibit isotropic in-plane characteristics. However,
in the limit of high aspect ratio actuators, the utilized modifica-
tion of material properties is a reasonable compromise for detailed
geometric modeling.

The induced force and torque in the presented models are metrics
by which to evaluate their effectiveness to actuator orientation. By
assuming line element behavior of the piezoceramic, as done in this
paper, the resulting force and torque expressions for the asymmetric
configuration are

P =

T = -2zaGaA*aAsinftcosft

(66)

(67)

If, instead, the piezoceramic is permitted full two-dimensional iso-
tropic material properties, the stress-strain relations are given by

Eg

I

H

0 0

^ o
I 0

l -v,
2 J

(68)

and the internal virtual work becomes
/• F= / _

•J V i ~~

+ [va£"xx + £?y - C1 + y«)Aj5^-}dV (69)

Because the strain transverse to the beam axis is identically 0 as a
result of beam behavior, the strain transformation becomes

cos2 ft 2 sin ft cos ft
sin2 ft -2 sin ft cos ft

- sin ft cos ft cos2 ft - sin2 ft
(70)

Substituting (70) into the energy expression (69) and regrouping
terms produces extension-twist coupling, which is proportional to
(cos2/* — sin2 ft). Note that this coupling vanishes exactly when
ft = 45 deg. The resulting force and torque are obtained as

- va

T =0

(71)

(72)

Even though structural couplings between torsional and bending
and extension responses due to the presence of a discrete actuator
should be a maximum when ft = 45 deg, no torsion arises. When we
examine axial force equations (66) and (71), the underlying piezoce-
ramic assumption effects become clear in the limiting configurations
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of ft = 0 and 90 deg. When ft = 0 deg, the two forces are identical
with the exception of the Poisson effect in (71), which is due to plate
theory. Hence, both assumptions result in nearly the same bending
response. When ft = 90 deg, the assumption that modifies material
properties produces exactly no response, whereas the one that uti-
lizes isotropic properties generates the force that both assumptions
would produce if the actuator dimensions were reversed and ft was
set to 0.

If transverse actuator stiffness is neglected, so that the actuator
has orthotropic characteristics, the axial force and torque are

P = E f lA*Acos2£ (73)

(74)

Note that the axial force (73) is identical to (66), yet the induced
torque is much higher and intuitively incorrect, which indicates that
transverse actuator stiffness is relevant to obtaining sensible predic-
tions.

The importance of including transverse actuator mechanics is
clear in terms of the implications on the bending response, yet less
so in terms of torsion. Transverse stiffness is essential in obtain-
ing a correct induced torque, and two-dimensional piezoceramic
properties are needed to correct the bending response at high ori-
entation angles, ft > 45 deg. Means by which such mechanics can
be adequately incorporated into a one-dimensional framework are
not developed. Hence, the bending predictions of the models within
this paper are expected to break down at ft > 45 deg. The impact of
the underlying assumptions on the torsion response is not obvious
and requires experimental studies for further insight.

Experimental Results
Strain and deflection data were collected for a variety of spec-

imen parameters to understand more fully the micromechanics of
the torsion problem as well as to provide correlation for the the-
oretical models. All of the specimens consisted of thin aluminum
beams with surface-bonded piezoceramics. All deflection data were
obtained by reflecting a laser beam off the tip of the specimen onto a
surface approximately 20 ft (6 m) away. The vertical and horizontal
displacements of the laser beam on this surface were measured and
related to the angular rotations. Both G-l 195 and PZT-5H piezoce-
ramics were used in the experiments. Note that two separate lots of
G-l 195 piezoceramics exhibited different characteristics. The free
strain of each type was individually characterized and approximated
by a polynomial curve fit.

Tip twist angle and bending slope results were obtained for thin
aluminum beam configurations with piezoceramics bonded to only
one surface (asymmetric case) at angle ft with respect to the beam
axis. To obtain measurable results, multiple piezoceramics were re-
quired. Local interference effects were minimized by maintaining
a 4-in. (101 mm) spacing between piezoceramics, and a principle
of superposition was assumed. The asymmetric specimens with a
piezoceramic aspect ratio of 8 consisted of three 2.0 x 0.25 x 0.0075
in. (50.8 x 6.35 x 0.19 mm) G-l 195(a) piezoceramics bonded to the
same surface of 2.0 x 0.0312 in. (50.8 x 0.77 mm) aluminum beams.
The bond layer thickness was measured to be 0.0015 in. (0.038 mm).

0.50

0.40

$ °'3°

« 0.20

0.10

0.00

A
O

8.0 aspect ratio
3.7 aspect ratio

-^ xj>

The asymmetric specimens with 3.7 aspect ratio piezoceramics con-
sisted of two 1.85 x 0.50 x 0.0093 in. (47 x 12.7 x 0.236 mm) G-
1195(b) piezoceramics bonded to the same surface of 1.97 x 0.0305
in. (50 x 0.77 mm) aluminum beams. The measured adhesive thick-
ness was 0.004 in. (0.10 mm).

The theoretical shear lag model predictions show good correlation
with experimental results for the asymmetric case shown in Fig. 10
in torsional deflections. Bending slope predictions, however, rapidly
deteriorate as the orientation angle increases but are acceptable up
to ft — 45 deg for both sets of specimens. The model considered the
actuators as one-dimensional elements. Hence, the bending slope
and twist angle are both expected to approach 0 at ft = 90 deg.
Because the true bending slope is finite at that limit and the twist
angle is 0, the twist predictions are expected to be much better over
the range of orientation angles.

To more fully understand the micromechanics of the beam re-
sponse, strain gauge measurements were taken from several asym-
metric test specimens with G-1195 and PZT-5H piezoceramics. Both
the piezoceramic and beam surface opposite the piezoceramic side
were instrumented to obtain detailed strain distributions.

As shown in Fig. 11 a the lower-beam surface axial strain increases
toward the edge of the actuator in the lengthwise direction. However,
Fig. 1 Ib shows that the strain exhibits relatively little decrease in
the direction transverse to the actuator. The transverse strain, on the
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other hand, is approximately constant across the actuator width as
shown in Fig. lie. All strain distributions were taken from 2.0 x
0.0312 in. (50.8 x 0.79 mm) aluminum beams with a single 2.0 x
0.50 x 0.0093 in. (50.8 x 12.7 x 0.236 mm) PZT-5H piezoceramic
with ft = 45 deg.

Several shear-type strain gauges were located at the center of the
piezoceramics shown in Fig. 12 on the previous asymmetric speci-
mens with 3.7 piezoceramic aspect ratios. Because the variation in
piezoceramic thickness within a given set of specimens is ±0.1 mil
and the deflection results exhibit a definable smooth trend, the four
strain readings from a single specimen are deemed compatible for
determining the total strain state for each specimen as if a rosette-
type gauge were used. All measured strains were at 0, 45, 90, and
135 deg relative to the beam axis.

Experimental strain results are shown in Fig. 13 for an actuated
strain of —175 JJLS. Fourth-order polynomial curve fits are overlaid
on the test data to illustrate the trends more clearly. As shown, the
shear strain is a maximum when p = 45 deg and is 0 at the two
limits. The beam extension and transverse strains are mirrored about
^ =r 45 deg. At the two extremes, the actuated and measured lateral
strains are approximately equal, thereby indicating a small energy
contribution. However, at 45 deg the transverse and longitudinal
strains are approximately equal, thereby indicating a highly two-
dimensional strain state and a breakdown of the one-dimensional
piezoceramic modeling assumption.

Note that the conference paper provides detailed experimental
specimen parameters and test results used in this paper, including
the geometric parameters of the beam configurations, deflection and
strain results, and the free strain characteristics of the piezoceramics
used.1() Also note that two separate batches of G-1195 piezoceramics
from the same manufacturer exhibit significantly different induced
strain characteristics.

Summary and Conclusions
This paper developed several variations of a model to predict the

torsion, extension, and bending response of a beam subject to piezo-
ceramic actuation and presented strain and deflection data to illus-
trate the mechanics of the problem and to provide model substanti-
ation. In addition, issues associated with reducing two-dimensional
piezoceramic characteristics to a one-dimensional model were ex-
plored. A finite element solution for the model with warping terms
is shown to converge for a low number of elements. In the absence
of warping terms and shear lag, the model reduces to a system of
three equations that may be solved directly.

Torsion is introduced into the models by application of a cross-
sectional warping function that is dependent only upon cross-
sectional geometry. For isotropic rectangular beams, the effects of

the warping terms in the axial strain expressions were shown to be
negligible; however, the warping is important in terms of quantify-
ing the shear strain. Adhesive shear lag effects also are developed
and show a measurable impact on the results.

Adequately capturing the two-dimensional strain induction char-
acteristics of the piezoceramics is critical in obtaining good pre-
dictions over a wide range of orientation angles. Modification of
the piezoceramic material properties by neglecting transverse in-
duced strain is inconsistent with the basic physics of the system
but is a good approximation if high aspect ratios are maintained.
Inclusion of the transverse induced strain results in a model that
does not twist when ft = 45 deg. Experimentally, the maximum
twist occurs at this orientation angle. Completely neglecting trans-
verse actuator stiffness results in adequate axial induced forces but
greatly overestimates the induced torque. Therefore, allowing full
in-plane isotropic piezoceramic characteristics may represent more
accurately the true physics, but such assumptions are incompatible
with the utilized beam theory.

Experimental deflection results exhibit fair correlation with model
predictions for piezoceramic aspect ratios as low as 3.7. The theo-
retical bending predictions significantly deviate from experimental
data above ft — 45 deg, especially for the specimen with the lower
aspect ratio piezoceramics. This divergence is inevitable, because
theoretical predictions approach 0 for ft = 90 deg, as opposed to the
finite response obtained experimentally. More sophisticated means
of reducing two-dimensional system behavior to a one-dimensional
global platform, such as solving the full two-dimensional problem,
would improve these results. Twist angle predictions, on the other
hand, are accurate for the full range of permissible orientation an-
gles. This is attributed to both theory and experiment being in exact
agreement in the two limiting actuator orientations, unlike the bend-
ing response.

Detailed strain distributions indicate that transverse actuator and
beam strain energy contributions are not negligible for all actua-
tor orientations. However, experimental results indicate that two-
dimensional modeling details are necessary only to correct the
predictions for high actuator orientations. When p < 45 deg, the
models presented here are considered sufficient to predict the bend-
ing and twist response of rectangular isotropic beams subject to
induced strain actuation.
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